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0. COMPUTATIONAL THINKING IN (MATHEMATICS) EDUCATION

Computahonal Thinking (CT) in Schools OMPUTATIONAL

» Increasing integration of CT and coding in school curricula in the last THINKING
decade; e.qg. in England, New-Zealand, France, Japan, South Africa, https://educators.brainpop.com/
Finland, Ontario (Canada), etc.

» Since 2021, in PISA’s mathematics framework: » Pioneer Seymour Papert (e.g. 1980),
“students should possess and be able to demonstrate [CT] skills as they - « object-to-think-with »
apply to mathematics as part of their problem-solving practice.”

» “To reading, writing, and arithmetic, we should add computational
thinking to every child’s analytical ability.” (Wing, 2006)

—> CT: Thinking like a computer scientist

» Three key aspects of CT in math education (Kallia et al., 2021):

1. problem solving as a fundamental goal of mathematics education in which
CT is embedded;

2. thinking (cognitive) processes that include (but are not limited to)
abstraction, decomposition, pattern recognition, algorithmic thinking,
modelling, logical and analytical thinking, generalization and evaluation of
solutions and strategies; and

3. phrasing the solution of a mathematical problem in such a way that it can
be transferred or outsourced to another person or a machine
(transposition). (p. 179, our emphasis)

Broley, Buteau, Modeste, Rafalska, & Stephens (submitted). In Handbook of Digital Resources in Math Education



0. COMPUTATIONAL THINKING IN (MATHEMATICS) EDUCATION

CT in University Mathematics

Integration of programming/computing/CT in our courses and Research has shown that programming for

programs: university may support students’ learning
» As a required skill (Computer Science course requirement) in many areas, such as:
> Within existing courses; e.g. modeling, numerical analysis > algebra (Leron & Dubinsky, 1995)
> E.g., a survey of 46 mathematics departments in the U.K. > calculus (Clements, 2020)
found that 89% of undergraduate mathematics programs > probability (Wilensky, 1995)
teach programming to all students, most commonly in » statistics (Mascaré et al., 2016)
numerical analysis or statistics (Sangwin & O’Toole, 2017). » combinatorics (Lockwood & De Chenne, 2020)
» Through a more integrated approach (e.g., throughout a > ...
program), as a learning and/or problem-solving tool, e.g. €d Dubinsky Uri Leron
» Manchester Metropolitan University in the U.K. (Lynch, 2020) Learning
» University of Oslo in Norway (Malthe- Sgrenssen et al., 2015) ﬁf)gsé';?;t
» Carroll College in the United States (Cline et al., 2020) with ISETL
» Brock University in Canada (with an inquiry-based approach)
> ..

Buteau, Broley, Dreise, & Muller (in press). In EpiDEMES



In This Presentation

In This Seminar Talk: |
CTmath www.ctuniversitymath.ca

‘MICA I-11-11l course sequence at =y A
Brock University (Canada) Ongoing Research (2017-23)

1. Student projects 1. How do students come to appropriate ‘progmatics’, i.e.,
programming as an instrument for authentic pure or

2. Student engagement applied mathematics investigations?
3. Course design and content 2. s this appropriation sustained over time (i.e., past course
. i t)?

4. Teachin r h requiremen

eac _g approac 3. How do instructors create a learning environment that
5. Evaluation supports students’ instrumental geneses development?
6. Students’ Iearning eXperience I* Socil So o Consell de recherch >  Case study context: MICA courses

: : Umanites Fesearch  en sciences humanes > Naturalistic (i.e. non-
7. Implementation constraints Comdiof Carada 60 Canac interventional,Iterative Design,
1IXed-ivietho
and Condit—ions Canada' > Longitudinal: following student

participants over MICA I-lI-11l

°
Mathemat/cs /ntegmteo’ with
‘ A
Computers and /A\pp//cations

Buteau, Muller & Ralph (2015). In Online Proceedings of Coding+Math Symposium.
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Using Programming to Conduct Pure or
Applied Mathematical Inquiries
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Students program to explore the dynamics of the dynamical
system of the 2-parameter cubics on [0, 1] - MICA |

Students program to simulate the spread of an epidemic

CLCKTO START OVER

using a cellular automaton model — MICA IlI
"
Ramona's Epldemlc Basic"
ﬁ s !E e o ST L
probablllty of being infected: 01
\_\ infection duration (in days): 10
Iy 9% initially infected: G
c
? ' s @
66 12164650
68 12179250 E|
69 12222850
. 70 12172550
“m ercenta e immunized
N “*x, % -y N B
probablllty of belng infected: 015 number of days
infection duration (in days): 10 % suscentible: 0.82379
% |n|t|aIIy |nfected 1 % infected: 14.7330
% i % recovered/immune: 84.4431




, M | \CF\ AC-{!OITI/;U[?IS and/ App/icj[[onsh
CTmathU

L 'Computational Thinking in University Mathematics

St u d e nt E n ga ge m e nt P ro CeSS https://ctuniversitymath.ca/research/

Using Programming for Pure/Applied Mathematics Investigation

Development Process Model
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2. STUDENT ENGAGEMENT

Student engagment in
. Research Processus from mathematicians

MICA Pro| ects who use programming as a tool in their

work (Broley, 2015)

1.Formulating a problem/ 1)[—5{Iaths pures (o) Maths appliquées

s S 9k
choix ¢t délimitation d’un probléme mathématique ; un phénomene rée

conjecture to investigate 2) {rbation de programmes Jnformatiques 2)"développement d'un modéle ;
a) développement d’un algorithme ; a) ¢étude du phénomene et des modeles existants ;
. . . b) codage de I’algorithme ; b) identification des aspects importants ;
2 . P rog ra m m I n g a n I nte ra Ctl Ve c) vérification et validation du programme ; c) analyse de données réelles ;
environ ment enabling the inquiry 3) d) création du modéle mathématique ;
a) observation d'objets mathématiques ; e) validation analytique du modéle ;
. . . . b) formulation des conjectures ; f) calcul des paramétres ;
3.Conducting the inquiry using the ) verifcation des conjecture 3)dumodéle;
. 4) preuve; o . .
e nv I ro n m e nt 5;[ lc)ommunication des résultats}t préparation pour le futur. ) re'c crche surles oudls mf.ormathues existants ;
b) développement d’un algorithme ;
. . ( p . 5 6) c) codage de I’algorithme ;
4 . CO mmunil Catl N g resu |tS d) vérification et validation du programme ;
4) recherche des solutions evec le modéle ;
5) interprétation et validation des résultats ;
Si m i I aren ga ge me nt to t h at 6) [communication des résultat}s et préparation pour le futur.
.. (p-27)
of research mathematicians N
(Broley, Buteau, & Muller, 2017; Implication: Having students engage in such
(Buteau, Gueudet, Muller, Mgombelo, & projects provides opportunities for students to

Sacristan, 2019)

~ develop skills needed in professional practice
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Computels and App/ican’ons

MICA courses at Brock University

* Designed in 2000 by practitioner mathematicians

* Course Format: 2 hours lecture + 2 hours lab, weekly

* Evaluation mainly from projects (individual — 4 to 5 per course):
70% to 80% of a student’s final grade

. . . . . . . . . Institutional
 Original project (topic of their choice; possibly in pairs) as decision
summative evaluation since 2001

* Programming language: Java, Maple, VB.net, C++, Python
* Mathematics Content: Instructor’s choice

Buteau, Muller & Ralph (2015). In Online Proceedings of Coding+Math Symposium



3. COURSE DESIGN AND CONTENT

Year | Project Topic * Will need to be revised:
MICA I* EO 1 | Conjecture about primes or hailstone sequence *  Since 2020: codipg in
EO2 | RSA encryption method Gr.1-8 math curriculum
C O n t e nt EO 3 | Discrete dynamical system (cubic with two parameters) ¢ Since 2021:also in Gr. 9
EO 4 Original, end-of-term project
Exa m p | e | n Cohorts (Ralph’s 2011-12 cohort) (Fuks’ 2014-15 cohort)
MICA II EO 5 | Buffon needle problem & Monte Carlo | Discrete equations: Model of water
M | C A | - | | - | | | integration pollution in a system of two connected
lakes connected by a stream
EO 6 | Stats application to stock market Systems of discrete equations: models of
the spread of infectious diseases
Main Learning Objective: EO 7 | Synchronization of traffic lights Dynamical system of the logistic
Learn to design, program, function & bifurcation diagram
and use interactive EO 8 | Markov chains applied to income Stochastic models of bacterial growth
environments in order to demographics and chromic 1111.1e.ss -
) EO 9 Original, end-of-term project
conduct pure or applied EO 10 | Dynam tem e t1 Ce tomata mode road tr
o f ical system o ogistic ular automa odels of roa ic
mathematical investigations | MICA Il function & bifurcation diagram fow
EO 11 | Simulation of battles (Lanchester Empirical modes and curve fitting:
equations) investigations of the Zipf's law.
EO 12 | Prey-predator biological model (Lotka- | ODE models in pharmacokinetics,
Volterra) Michaelis-Menten equation
EO 13 | Cellular automata, simulation of Pursuit problems in 2D, Hathaway's
epidemics & costs circular pursuit
EO 14 Original, end-of-term project

Buteau, Muller & Ralph (2015).Tn Online Proceedings of Coding+Math Symposium



3. COURSE DESIGN AND CONTENT: STUDENT ORIGINAL FINAL PROJECTS

Examples of Students’
Original Projects

The Mandelbrot Set

X Max Exponea:
C—

===
=

Area of region:
1.575644

Exploration of the inner symmetries of the
Mandelbrot set, and its bounded area as the
exponent of the iterative complex function
defining the Mandelbrot set increases.

(A. Profetto; MICA 11)

LAKE ERIE
EMPTIED
IN YEAR

Is it better to
walk or run
in the rain?

(K. Maheu &

M. Lilly;
MICA 1)

g cm
Walking Speed: - s Rain Drop Count: ~ 48
° ° Previous Count: 0

Horizontal Rain Vel
Vertical Rain Vel

Horizontal Rain Spacin;

Vertical Rain Spacing: [ e

Encryption Pseudorandom-ness
Explorer (N. Marshall; MICA I)

Exploration of the
changes in the water
supply of Lake Erie
(Ontario) over time
and explain why and
how it changes
(Ramona & M. Griffith,
& A. Sones ; MICA Ill)

“Gearing Up for Grade 9”
Learning Object, including
tips, lessons, worksheets, and
interactive games; tested with
teachers and students
(L. Broley & K. Wamboldt,
MICA 1)

Simulation of
rowing-boat
running time
(P. MacGregor;
MICA 11)

5 —oEm

Bank of Canada - Economic Intervention Simulator
st

Simulation of the .
effects on the
economy of central
banks’ monetary
policy according to
the Price Adjustment
Model (G.Billard & R.
Bruno; MICAI)




4. TEACHING MICA COURSES

‘Guiding’ Students

Project Guidelines:

In Lectures:
—> All parts of the

“the relationship of student’s
the teacher to engagement
learner is ver

y In labs:

different: the
teacher introduces
the learner to the
microworld in which
discoveries will be
made, rather than to
the discovery itself”

(Papert, 1980, p. 209)

- Part 1 of the student’s
engagement

- Mainly parts 2-3
of the student’s
engagement

“[Instructor] coming around
to all the computer checking
on everyone’s work had a
huge impact. [He/she] kind
of forces you to ask
guestions which is really
helpful because at times |
don’t like asking questions
because | feel stupid but
[he/she] doesn’t make you
feel stupid by any means.”
(MICA Il student)

Buteau, Sacristan, & Muller (2019). In Constructivist Foundations.

Mthematics /nteglated with
Computefs and App/ican'ons

This assignment concerns an exploration, by use of graphic M|\CA
described by the Lotka-Volterra equations, namely:

dR—kR aRW
= kR-

dW_ W + bRW
rraaiad

where a, b, k, and r are positive constants, time t is in months, and R (for ‘rabbits’) represents the prey
population and W (for ‘wolves’) represents the predator population. As well of its modified version

PART A - Your program in vb.net

Modify Euler’s method in order to solve numerically either of the two systems of equations by use of a
3-dimensional dynamical system involving t,, R, and W, and display i) the numerical solution as graphs
(in a same plot though with two different scaling for the vertical axis) of the pair R(t) and W(t), as well
as ii) the phase trajectory for initial conditions given by a mouse click in the trajectory plane. The
following gives more details about the programming of your interactive environment:

o Your interface will contain two picture boxes — give them descriptive names (e.g. PopulationGraphs.
and TrajectoryPlane).

o Your interface will also contain many textboxes for all the parameters involved in the model and in
the graphical representations of the solutions. For example, a textbox for MaxR, the maximum

PART B - Your exploration using your interactive environment

Using your interactive environment, answer the following questions (and provide screen shots to support
your arguments) about the model of aphids (prey) and ladybugs (predator) whereby we set k=2, a=0.01,
r=0.5, and b=0.0001. We also set initial conditions to Rs=1000 and Wy = 200. ...

1. Plot the population of both species, and describe how they evolve over time.

2. Determine the equilibrium points, describe what it means in the context of the modeled situation,
and categorize them based on an exploration of the trajectories close to the equilibrium points:
stable, unstable, or neither (i.e. periodic motions around the point).

3. Describe how the populations change when k is increased by a small amount. Explain why you
would expect the model to behave this way.

MICA I-IIl Project Guidelines: www.ctuniversitymath.ca/category/teaching-resources/
11

Buteau, Muller et al. (in press). In The Mathematics Teacher in the Digital Era (2nd Edn) + Broley, Ablorh, Buteau, Mgombelo, & Muller (submitted). In INDRUM 2022




mputers and /A\pp/ica tions

Wiy o i

Teaching approach
(guidance) for final projects

* The assignment projects completed during the course serve as
models for students

* Lectures stop

* The instructor plays a mentor role, particularly for part | of the
student engagement: formulation of problem/conjecture,
feasibility, added value of programming for the inquiry, and

resources

* Some instructors provide a list of suggested topics (basic ideas
to build on)

* Teaching assistants mainly help with the programming of
mathematics

Buteau, Sacristan, & Muller (2019). In Constructivist Foundations.



MI\CA Coh ) d with

mputer: d/A\pp/ ations

Key teaching features, according to
students

(anonymous questionnaire, MICA I-11-11l, n=43)

* One-on-one help with programming, making
example codes available, providing additional

programming information to the class on demand,...

e A class atmosphere that promotes a safe
environment to ask questions, allows for working
individually or collaboratively, and individual
contribution to the math content presentation.

* Individual instructor/TA interventions (e.g. in labs),

such as re-explaining multiple times when needed,
individually explaining what a student is doing
wrong and why, guiding towards rather than telling
the answer, etc.

* Impactful ways of being (e.g. kind and supportive)
for instructor/TA

e Organization of the course enabling multiple mode
of individual help (e.g. in labs)

Broley, Ablorh, Buteau, Mgombelo, & Muller (submitted). In INDRUM

What students find most
challenging, and how they
handle it

(anonymous questionnaire, MICA I-lI-lll, n=73)

* What? Programming (of the math)
* How? Seeking help (62%) and/or
Work on own (53%) by, e.g.:

* Independently gaining knowledge
required to address the challenge

* Taking their time and persevering

S * Preparing the math before
programming it
Broley, Buteau, Levay, Marshall, Mgombelo, Muller, & Sardella (in press). In RUME
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Computels and App/icat[ons

How student projects are evaluated

e Use of marking schemes BT ,
° P rOj ects a re eva I u ated O n : Erruerdeswredrj\va\uesofaandbink)therelevenlte:f?oxesandmenc\ick'DONE' fi !

* Design of interactive environment for the e e s

m a t h e m a ti Ca | i n q u i ry the following fextbox and then cick ‘DISPLAY TABLE" andlor ‘DISPLAY THE DYNAMICS"
* Accuracy of the programmed mathematics - y

* Programming norms (sub-procedures, comments, — /
efficiency, etc.) N

e Report of their mathematical inquiry

* Sometimes: ~¥10% on creativity, e.g. by extending the

‘ CLICK TO START OVER ‘
assigned inquiry _
ALSO, a MICA course contains:

’ Fldnc?.l .prOJIeCt markmg SChem.eS. have al’? * 2 math standard math tests (~20%)
additional component pertaining to the + Programming quizzes in MICA | (~9%)
form.UIatlon of the problem/conjecture * Sometimes: oral presentation of their final
(originality, depth,...) projects (~5%)

Buteau & Muller (2016). In DEME  For marking scheme examples, see the MICA I-lll Project Guidelines: www.ctuniversitymath.ca/category/teaching-resources/



6. STUDENTS’ REPORTED LEARNING EXPERIENCE . M ] .
M I (A C athematics dl;t:;fdfd ‘w1t/1

Students’ Views

« The courses teach you how to use an

interactive programming environment [...]
Almost 50% of students

in MICA I-lI-11l who
filled an anonymous
online questionnaire
(n=43) indicated the
final project as being
the one from which
they learned the most.

It is very effective because it
allows you to make your own program to
be able to see how this concept works,
and play around with it to reach a further

- _— ‘ - understanding of the concept. »
The main standout between the (a MICA IIl student)

assignments given in the MICA courses and :
those given in other math courses is the Buteau, Muller, & Marshall (2015). In DEME E::Li;l' ﬁbll?(z;'lr\\;lst al- (in
ability to have the related concepts
permanently embedded in your brain. |
believe this embedding occurs because we
write codes to solve the problems from
scratch. If | had not built the programs on
my own, | would not understand the way
that they work.
(Ramona, MICA Ill)

Buteau, Muller, Marshall, Sacristan, & Mgombelo (2016). In DEME

Implications: A PBL approach
may be effective to integrate
programming in university
math




7. IMPLEMENTATION CONSTRAINTS AND CONDITIONS FOR SUCH AN INQUIRY APPROACH Mi( A dasries frassmnioaidl

Corpiters and A \pilications
Constraints and Conditions for
such an Inquiry Approach

* The course curriculum requires « white space »; i.e., one should consider:

—>avoiding to overload the course content

- planning for significant classroom time dedicated to students engaging in inquiry projects (e.g.,
the 2-hour weekly labs in the MICA courses).

One of the projects is original (required constraint)

* From our eerrience, having kowledgeable teaching assistants is essential for
supporting the work of the instructor in courses such as MICA.

* Such a PBL approach (to integrating programming in mathematics courses) works
well particularly with small cohorts

* Consensus among instructors concerning programming languages may be
preferrable (if there is a sequence of courses)

* The course content can be flexible to the
instructor’s interests. The content closely
aligns with the instructor’s selection of
projects.

Buteau, Broley, Dreise, & Muller (in press). In EpiDEMES
Buteau, Sacristan, & Muller (2019). In Constructivist Foundations.
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